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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
The study is aimed at analytical determination of coeﬃcients in crack tip stress expansions for two collinear ﬁnite cracks of
equal lengths in an inﬁnite plane medium. The study is based on the solutions of the complex variable theory in plane elasticity
theory. Multiparametric presentation of the stress ﬁled near the crack tips in the inﬁnite plate with two collinear cracks of ﬁnite
lengths is obtained and analyzed for a full range of mixed mode loading from pure tension to pure shear. The method of analytical
determination of coeﬃcients of the complete Williams asymptotic expansion of the stress ﬁeld near the crack tip is presented.
The inﬂuence of consideration of various numbers of terms of the series expansion on the stress distribution is discussed, and the
signiﬁcance of the multi-parameter fracture mechanics approach is emphasized.
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1. Introduction
Characterization of crack tip stresses has been an area of active research for many decades [Willams (1957) –
Lychak and Holyns’kyi (2016)]. M. Williams in his landmark paper [Willams (1957)] showed that the crack tip
stress ﬁelds in an isotropic elastic material can be expressed as an inﬁnite series where the leading term exhibits a
r−1/2 singularity and the second term is independent of r. Since then, the Williams series expansion appears to be the
most favored analytical tool for the description of mechanical ﬁelds near crack-tips in planar domains and presents a
general framework for the description of the stress ﬁeld in the vicinity of the crack tip in an isotropic linear elastic
medium:
σi j(r, θ) =
2∑
m=1
∞∑
k=−∞
amk f
m,i j
k (θ)r
k/2−1 (1)
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with index m associated to the fracture mode; amk coeﬃcients related to the geometric conﬁguration, load and mode;
f m,i jk (θ) angular functions depending on stress components and loading mode. Analytical expressions for circumfer-
ential eigenfunctions are available [Hello, Tahar and Roelandt (2012)]. To each cracked geometry a sequence of
coeﬃcients depending on the geometry of the domain, the nature and intensity of the load exists. Analytical deﬁni-
tions of the coeﬃcients are widely available for the ﬁrst two terms leading to the ﬁnite energy in the crack tip region
(the stress intensity factors, the T-stress). However a higher order representation of the stress ﬁeld around the crack or
sharp notch requires determination of the coeﬃcients of higher order terms for the each cracked conﬁguration. Recent
investigations performed by Hello, Tahar and Roelandt (2012), Hello and Tahar (2014) revealed that non-singular
terms can have a signiﬁcant eﬀect on the stress ﬁeld description for diﬀerent cracked specimens. The coeﬃcients of
crack tip stress expansions can be calculated analytically only for very simple cases. Thus it is important to have ana-
lytical expressions for the coeﬃcients of the higher-order terms of Williams expansion for diﬀerent cracked specimens
and loads [Holyns’kyi (2013) – Mirlohi and Aliha (2013)]. The present paper is aimed at analytical determination
of coeﬃcients in crack tip expansion for two collinear ﬁnite cracks of equal lengths in an inﬁnite plane medium.
The study is based on the solutions of the complex variable theory in plane elasticity theory. From practical point of
view it is very important to know 1) analytical dependence of coeﬃcients on geometrical parameters of specimens
and on applied loads; 2) how many terms of the asymptotic expansions we have to keep in the complete asymptotic
expansion of the stress and displacement ﬁelds in the neighborhood of the crack tip. The analytical dependence of the
coeﬃcients on the geometrical parameters and the system of loads for two ﬁnite cracks in an inﬁnite plane medium is
given. It is shown that at large distances from the crack tips the eﬀect of the higher order terms of the Williams series
expansion becomes more considerable. The knowledge of more terms of the stress asymptotic expansions will allow
us to approximate the stress ﬁeld near the crack tips with high accuracy.
2. Complex representation of the solution for two collinear cracks of equal lengths in an inﬁnite plane under
remote loading
Complex variable theory presented in Muskhelishvili (1953) provides a very convenient way to solve many prob-
lems in plane elasticity. The approach is based on consideration of the Airy stress function Φ(x 1, x2) deﬁned as
σ11(x1, x2) = Φ,22, σ22(x1, x2) = Φ,11, σ12(x1, x2) = −Φ,12. Following the Kolosoﬀ – Muskhelishvili formalism
[Muskhelishvili (1953)] one can obtain the solution of the biharmonic equation in terms of two analytic functions
of the complex variable z = x1 + ix2 in the form Φ(x1, x2) = Re
[
zϕ(z) + χ(z)
]
. Using the Kolosoﬀ - Muskhelishvili
relation the in-plane Cartesian stress components σ i j are deﬁned in terms of the complex analytical potentials ϕ �(z)
and χ�(z) as
σ11(z) + σ22(z) = 4Re
[
ϕ�(z)
]
, σ22(z) − σ11(z) + 2iσ12(z) = 2 [zϕ��(z) + χ�(z)] . (2)
In the case of biaxial symmetric problems the solution (2) has the form
σ111(z) = 2Re
[
ϕ�1(z)
]
−2x2Im
[
ϕ��1 (z)
]
+(α−1)σ∞22/2, σ122(z) = 2Re
[
ϕ�1(z)
]
+2x2Im
[
ϕ��1 (z)
]
−(α−1)σ∞22/2,
σ112(z) = −2x2Re
[
ϕ��1 (z)
]
.
(3)
The complex potential ϕ�1(z) for two collinear cracks of equal lengths in the inﬁnite plate under remote loading is
given by the formula [Muskhelishvili (1953)]
ϕ�1(z) = (σ
∞
22/2)(z
2 − c)/
√(
z2 − a2) (z2 − b2) + (α − 1)σ∞22/4, c = b2E(π/2, k)/F(π/2, k), k = √1 − a2/b2, (4)
where F(π/2, k), E(π/2, k) are the complete elliptic Legandre of the ﬁrst and second type.
For pure mode II problems the stress state depends on the complex potential ϕ �2(z) :
σ211(z)=4Re
[
ϕ�2(z)
]
−2x2Im
[
ϕ��2 (z)
]
, σ222(z)=2x2Im
[
ϕ��2 (z)
]
, σ212(z)=−2Im
[
ϕ�2(z)
]
−2x2Re
[
ϕ��2 (z)
]
+ σ∞12, (5)
where the complex potential ϕ�2(z) for an inﬁnite plate with two collinear cracks of equal lengths has the form
ϕ�2(z) = −i(σ∞12/2)
[(
z2 − c
)
/
√(
z2 − a2) (z2 − b2)] + iσ∞12/2. (6)
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Fig. 1. Two collinear cracks of equal lengths in the inﬁnite plane under remote loading
3. Analytical determination of the coeﬃcients of the complete Williams asymptotic series for the stress ﬁeld in
the vicinity of the mode I crack tips
Exact stress solutions for the problem investigated are expressed in terms of complex variable z = x 1 + ix2 in Eq.
(4) for mode I loading and Eq. (6) for mode II loading. On the other hand, the Williams series expansion (1) describes
the stress ﬁeld at the vicinity of a crack-tip as a series involving real polar variables r and θ. When a polar coordinate
system is considered at the crack tip z = b : z(r, θ) = b + reiθ, x2 = rsinθ one can obtain:
ϕ�1(z)= (σ
∞
22/2)
∞∑
n=0
qn (z−b)n−1/2+(α−1)(σ∞22/4), qn=
n∑
k=0
pkdn−k, pn=
n∑
k=0
cken−k, en=
n∑
k=0
akbn−k,
ak = lk(b − a)−(2k+1)/2, bk= lk(b + a)−(2k+1)/2, ck = lk(2b)−(2k+1)/2, lk = (−1)k |2k − 1|!!/(2kk!),
d0 = b2 − c, d1 = 2b, d2 = 1, dk = 0 ∀k > 2.
(7)
Using the Kolosoﬀ –Muskhelishvili formulae (3) and comparing the expansion (7) with theWilliams series expansion
(1) one can ﬁnd the expressions for all the coeﬃcients a 1k of the Williams series expansion a
1
2k+1 = σ
∞
22qk/ f
1,22
2k+1(θ = 0),
a12 = (α − 1)σ∞22/4, a12k = 0, ∀k > 1. The ﬁrst seven coeﬃcients of the Williams series expansion of the stress ﬁeld in
the vicinity of the crack tip z = b in the inﬁnite plane medium with two cracks have the form
a11 =
σ∞22√
2b
b2 − c√
b2 − a2
, a12 = (α − 1)σ∞22/4, a12k = 0, ∀k > 1, a13 =
σ∞22
√
2
24
3b4 − 7a2b2 + 5b2c − a2c
b3/2
(
b2 − a2)3/2 ,
a15 = −
σ∞22
√
2
320
2a2b2c − 34a2b4 − 19a4b2 + 43b4c + 5b6 + 3a4c
b5/2
(
b2 − a2)5/2 ,
a17 =
σ∞22
√
2
1792
−5a6c + 137a2b4c + 11a4b2c + 177b6c + 13a6b2 + 7b8 − 113a2b6 − 227a4b4
b7/2
(
b2 − a2)7/2 .
An analogous approach to the above procedure allows us to ﬁnd the asymptotic expansion for the complex potential
ϕ�1(z) in the vicinity of the crack tip z = a : z = a + re
iθ, x2 = r sin θ
ϕ�1(z) =
(
σ∞22/2
)∑∞
n=0 δn(z − a)n−1/2 + (α − 1)σ∞22/4, δn =
n∑
k=0
αkχn−k, χn =
n∑
k=0
βkξn−k, ξn =
n∑
k=0
ζkηn−k,
η0 = a2 − c, η1 = 2a, η2 = 1, ηk = 0, k > 2, αk = lk(2a)−(2k+1)/2, βk = lk(b − a)−(2k+1)/2, ζk = lk(b + a)−(2k+1)/2.
(8)
The formulae (8) present the dependence of the coeﬃcients of the Williams series expansion on the conﬁguration
of the cracked body and the load σ∞22. Substitution of the complex potential (8) into the Kolosoﬀ – Muskhelishvili
presentation (3) and the comparison with the Williams series expansion (1) result in the following expressions for the
amplitude coeﬃcients a1k : a
1
2k+1 = σ
∞
22δk/ f
1,22
2k+1(θ = 0), a
1
2 = (α−1)σ∞22/4, a12k = 0, ∀k > 1. The ﬁrst seven coeﬃcients
of the Williams series expansion a1k can be written in the expanded form
a11 = −
σ∞22√
2a
a2 − c√
b2 − a2
, a12 =
α − 1
4
σ∞22, a
1
2k = 0,∀k > 1, a13 = −
σ∞22
√
2
24
3a4 − 7a2b2 + 5a2c − b2c
a3/2
(
b2 − a2)3/2 ,
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Fig. 2. Angular distributions of the stress components σ11 near the crack tip z = b at rˆ = 0.075 (left ) and rˆ = 0.15 (right)
a15 = −
σ∞22
√
2
320
2a2b2c − 34b2a4 − 19b4a2 + 43a4c + 5a6 + 3b4c
a5/2
(
b2 − a2)5/2 ,
a17 =
σ∞22
√
2
1792
−5b6c + 137b2a4c + 11b4a2c + 177a6c + 13b6a2 + 7a8 − 113b2a6 − 227b4a4
a7/2
(
b2 − a2)7/2 .
(9)
Using the coeﬃcients of the complete Williams series expansion a1k one can analyze the asymptotic expansions of
the stress ﬁeld (1) in the vicinity of the crack tips z = a and z = b at diﬀerent distances from the crack tip. The angular
distributions of the stress σ11 at diﬀerent distances from the crack tip z = b are shown in Figs. 2 – 5. From Fig. 2 one
can see that at rˆ = 0.075 the one – term asymptotic expansion of the stress σ 11 diﬀers from the two–term asymptotic
expansion and from the asymptotic expansion containing the higher-order terms. Thus it is clear that it is necessary
to take into account the second and the third terms of the asymptotic expansion (1). At distance rˆ = 0.15 the three
– term asymptotic expansion begins to diﬀer form the asymptotic expansion including the higher order terms (Fig. 2
(right)). At distance rˆ = 0.3 (Fig. 3 (left)) one can see that is necessary to keep more terms in the truncated crack-tip
stress expansion. The angular distributions of stress component σ 11 obtained with the truncated series with 1,2,3,5,7
terms in the Williams expansion are diﬀerent. The angular distributions of stress σ 11 obtained with the truncated
series with 9,11,13 terms in the Williams expansion coincide. At distance rˆ = 0.35 (Fig. 3 (right)) one can see that the
truncated series with 11,13,15 terms are very similar whereas the asymptotic expansion with leading term, the two-
term asymptotic expansion, the three – term asymptotic expansion, the 5-term and 7-term asymptotic expansions are
substantially diﬀerent. The angular distributions of the stress σ11 obtained by the truncated series at distances rˆ = 0.4
and rˆ = 0.5 are shown in Figs. 4 and 5. One can see that the number of terms retained in the asymptotic expansion
depends on the value of r at which the stress σ i j is to be estimated. The larger the distances from the crack tip, the
more number of terms of the Williams expansion series has to be kept.
4. Skew symmetric problems (Mode II loading problems)
For pure mode II the coeﬃcients of the Williams series expansion can be identiﬁed by the similar way. For skew
symmetric problem the complex potential ϕ �2(z) in the vicinity of the crack tip z = a has the form
ϕ�2(z) = −i(σ∞12/2)
∑∞
n=0 δn(z − a)n−1/2 + iσ∞12/2, δn =
n∑
k=0
pkdn−k, χn =
n∑
k=0
βkξn−k, ξn =
n∑
k=0
ζkηn−k,
η0 = a2 − c, η1 = 2a, η2 = 1, ηk = 0, k > 2, αk = lk(2a)−(2k+1)/2, βk = lk(b − a)−(2k+1)/2, ζk = lk(a + b)−(2k+1)/2.
(10)
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a15 = −
σ∞22
√
2
320
2a2b2c − 34b2a4 − 19b4a2 + 43a4c + 5a6 + 3b4c
a5/2
(
b2 − a2)5/2 ,
a17 =
σ∞22
√
2
1792
−5b6c + 137b2a4c + 11b4a2c + 177a6c + 13b6a2 + 7a8 − 113b2a6 − 227b4a4
a7/2
(
b2 − a2)7/2 .
(9)
Using the coeﬃcients of the complete Williams series expansion a1k one can analyze the asymptotic expansions of
the stress ﬁeld (1) in the vicinity of the crack tips z = a and z = b at diﬀerent distances from the crack tip. The angular
distributions of the stress σ11 at diﬀerent distances from the crack tip z = b are shown in Figs. 2 – 5. From Fig. 2 one
can see that at rˆ = 0.075 the one – term asymptotic expansion of the stress σ 11 diﬀers from the two–term asymptotic
expansion and from the asymptotic expansion containing the higher-order terms. Thus it is clear that it is necessary
to take into account the second and the third terms of the asymptotic expansion (1). At distance rˆ = 0.15 the three
– term asymptotic expansion begins to diﬀer form the asymptotic expansion including the higher order terms (Fig. 2
(right)). At distance rˆ = 0.3 (Fig. 3 (left)) one can see that is necessary to keep more terms in the truncated crack-tip
stress expansion. The angular distributions of stress component σ 11 obtained with the truncated series with 1,2,3,5,7
terms in the Williams expansion are diﬀerent. The angular distributions of stress σ 11 obtained with the truncated
series with 9,11,13 terms in the Williams expansion coincide. At distance rˆ = 0.35 (Fig. 3 (right)) one can see that the
truncated series with 11,13,15 terms are very similar whereas the asymptotic expansion with leading term, the two-
term asymptotic expansion, the three – term asymptotic expansion, the 5-term and 7-term asymptotic expansions are
substantially diﬀerent. The angular distributions of the stress σ11 obtained by the truncated series at distances rˆ = 0.4
and rˆ = 0.5 are shown in Figs. 4 and 5. One can see that the number of terms retained in the asymptotic expansion
depends on the value of r at which the stress σ i j is to be estimated. The larger the distances from the crack tip, the
more number of terms of the Williams expansion series has to be kept.
4. Skew symmetric problems (Mode II loading problems)
For pure mode II the coeﬃcients of the Williams series expansion can be identiﬁed by the similar way. For skew
symmetric problem the complex potential ϕ �2(z) in the vicinity of the crack tip z = a has the form
ϕ�2(z) = −i(σ∞12/2)
∑∞
n=0 δn(z − a)n−1/2 + iσ∞12/2, δn =
n∑
k=0
pkdn−k, χn =
n∑
k=0
βkξn−k, ξn =
n∑
k=0
ζkηn−k,
η0 = a2 − c, η1 = 2a, η2 = 1, ηk = 0, k > 2, αk = lk(2a)−(2k+1)/2, βk = lk(b − a)−(2k+1)/2, ζk = lk(a + b)−(2k+1)/2.
(10)
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Fig. 6. Angular distributions of the stress components σ12 near the crack tip z = b at diﬀerent distances from the crack tip
Using the asymptotic presentation of the complex potential ϕ �2(z) at z = a and the Williams series expansion (1) one
can derive the coeﬃcients of the series depending on the applied load σ∞12 and the geometrical parameters a and b :
a22k+1 = σ
∞
12δk/ f
2,12
2k+1(θ = 0), a
1
2k = 0, ∀k > 0. (11)
The ﬁrst seven coeﬃcients of the Williams series expansion at the crack tip z = a can be presented in the form
a21 =−
σ∞12√
2a
a2 − c√
b2 − a2
, a22 =
α − 1
4
σ∞12, a
1
2k = 0,∀k > 2, a23 =
σ∞12
√
2
24
3a4 − 7a2b2 + 5a2c − b2c
a3/2
(
b2 − a2)3/2 ,
a25 =
σ∞12
√
2
320
2a2b2c − 34b2a4 − 19b4a2 + 43a4c + 5a6 + 3b4c
a5/2
(
b2 − a2)5/2 ,
a27 =
σ∞12
√
2
1792
−5b6c + 137b2a4c + 11b4a2c + 177a6c + 13b6a2 + 7a8 − 113b2a6 − 227b4a4
a7/2
(
b2 − a2)7/2 .
(12)
The formulae (12) present the dependence of the coeﬃcients of the Williams series expansion a 2k on the conﬁguration
of the cracked body and the load σ∞12. Similarly, for pure mode II the coeﬃcients of the Williams series expansion in
the vicinity of the crack tip z = b + reiθ can be identiﬁed. For skew symmetric problem the complex potential ϕ �2(z) in
the vicinity of the crack tip z = b has the form
ϕ�2(z) = −i(σ∞12/2)
∑∞
n=0 qn(z − b)n−1/2 + iσ∞12/2, qn =
n∑
k=0
pkdn−k, pn =
n∑
k=0
cken−k, en =
n∑
k=0
akbn−k, d0 = b2 − c,
d1 = 2b, d2 = 1, ηk = 0, k > 2, ak = lk(b − a)−(2k+1)/2, bk = lk(a + b)−(2k+1)/2, ck = lk(2b)−(2k+1)/2.
(13)
Substitution of the complex potential (13) into the Kolosoﬀ – Muskhelishvili presentation (6) and the comparison
with the Williams series expansion (1) result in the following expressions for the amplitude coeﬃcients a 2k in the
vicinity of the crack tip z = b
a22k+1 = σ
∞
12qk/ f
2,12
2k+1(θ = 0), a
1
2k = 0, ∀k > 0. (14)
Using formulae (13), (14) one can ﬁnd the angular distributions of the stress components in the vicinity of the crack
tip z = b. The angular distributions of σ12 at diﬀerent distances from the crack tip are shown in Fig. 6 – 8. It can be
seen that the domain in which the accuracy of the Williams solution expands with increase of the number of terms in
the asymptotic expansion taken into account.
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Using the asymptotic presentation of the complex potential ϕ �2(z) at z = a and the Williams series expansion (1) one
can derive the coeﬃcients of the series depending on the applied load σ∞12 and the geometrical parameters a and b :
a22k+1 = σ
∞
12δk/ f
2,12
2k+1(θ = 0), a
1
2k = 0, ∀k > 0. (11)
The ﬁrst seven coeﬃcients of the Williams series expansion at the crack tip z = a can be presented in the form
a21 =−
σ∞12√
2a
a2 − c√
b2 − a2
, a22 =
α − 1
4
σ∞12, a
1
2k = 0,∀k > 2, a23 =
σ∞12
√
2
24
3a4 − 7a2b2 + 5a2c − b2c
a3/2
(
b2 − a2)3/2 ,
a25 =
σ∞12
√
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320
2a2b2c − 34b2a4 − 19b4a2 + 43a4c + 5a6 + 3b4c
a5/2
(
b2 − a2)5/2 ,
a27 =
σ∞12
√
2
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−5b6c + 137b2a4c + 11b4a2c + 177a6c + 13b6a2 + 7a8 − 113b2a6 − 227b4a4
a7/2
(
b2 − a2)7/2 .
(12)
The formulae (12) present the dependence of the coeﬃcients of the Williams series expansion a 2k on the conﬁguration
of the cracked body and the load σ∞12. Similarly, for pure mode II the coeﬃcients of the Williams series expansion in
the vicinity of the crack tip z = b + reiθ can be identiﬁed. For skew symmetric problem the complex potential ϕ �2(z) in
the vicinity of the crack tip z = b has the form
ϕ�2(z) = −i(σ∞12/2)
∑∞
n=0 qn(z − b)n−1/2 + iσ∞12/2, qn =
n∑
k=0
pkdn−k, pn =
n∑
k=0
cken−k, en =
n∑
k=0
akbn−k, d0 = b2 − c,
d1 = 2b, d2 = 1, ηk = 0, k > 2, ak = lk(b − a)−(2k+1)/2, bk = lk(a + b)−(2k+1)/2, ck = lk(2b)−(2k+1)/2.
(13)
Substitution of the complex potential (13) into the Kolosoﬀ – Muskhelishvili presentation (6) and the comparison
with the Williams series expansion (1) result in the following expressions for the amplitude coeﬃcients a 2k in the
vicinity of the crack tip z = b
a22k+1 = σ
∞
12qk/ f
2,12
2k+1(θ = 0), a
1
2k = 0, ∀k > 0. (14)
Using formulae (13), (14) one can ﬁnd the angular distributions of the stress components in the vicinity of the crack
tip z = b. The angular distributions of σ12 at diﬀerent distances from the crack tip are shown in Fig. 6 – 8. It can be
seen that the domain in which the accuracy of the Williams solution expands with increase of the number of terms in
the asymptotic expansion taken into account.
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Fig. 7. Angular distributions of the stress components σ12 near the crack tip z = b at diﬀerent distances from the crack tip
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5. Summary
The paper has aimed at determining closed-form expressions for coeﬃcients in crack-tip stress expansions for two
ﬁnite collinear cracks of equal lengths in an inﬁnite plane medium subjected to mixed mode load. The method is
based on the complex variable theory and the classical Kolosoﬀ-Muskhelishvili approach. The asymptotic expansion
of the Kolosoﬀ-Muskhelishvili’s potential in the vicinity of the crack tips allows to ﬁnd the analytical presentation
for coeﬃcients of the complete M. Williams asymptotic expansion. The analytical solution gives the dependence
of the amplitude coeﬃcients on the lengths of the crack and the applied loads. It is shown that together with the
leading term including the stress intensity factor and term called T-stress it is necessary to hold the higher-order
terms in the asymptotic solutions for the stress ﬁeld. The obtained solutions permit to construct the asymptotic stress
ﬁeld expansion containing arbitrary preassigned number of higher-order terms. The analytical expressions for the
coeﬃcients of the higher-order terms obtained in this study can be used for examination of the results obtained by the
over-deterministic method employed both the FE data and the experimental data from the photoelasticity technique,
the holographic interferometry method, the DIC technique (see Ayatollahi and Nejati (2010), Akbardoost and Rastin
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(2015), Akbardoost and Ayatollahi (2014)). One can conclude that higher-order terms of the Williams power series
can play a key role if a knowledge of accurate stress/displacement ﬁelds not only very close to the crack tip is
required. The study shows that more than one or two terms (utilized within the well-known one- or two-parameter
fracture mechanics) should be taken into account. This can be either important for instance in the case of quasi-brittle
materials, where the stress and displacement distributions has to be known also farther from the crack tip in order
to perform a reliable fracture analysis. It can be concluded that the asymptotical analysis performed clearly shows
how the higher order terms of the Williams expansion can be important. According to the study presented, the multi-
parameter fracture mechanics approach is necessary especially when the stress ﬁeld is inﬂuenced when the stress ﬁeld
is investigated at larger distances from the crack tip.
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